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1. Suppose {an}n>1 is a bounded sequence and {b,, },>1 is a sequence converging to 0 as n tends
to oo. Show that {a,b;,},>1 converges to 0 as n tends to oco. [10]

2. Let {zp}n>1 be a bounded sequence of real numbers and ¢ = liminf,, oo . Show that for

any ¢ > 0 the set M, = {n: z, < c— ¢} is a finite sct. [10]
3. Show that the polynomial p(z) = 325 + 22 + 62 + 5 has exactly one real root. [10]
4. Let X be the set of all finite subsets of N. Show that X is countable. [20]
5. State and prove the mean value theorem (you may assume Rolle’s theorem). [20]

6. Let f,g : [0,1] — R be continuous functions. Define h, & on [0,1] by h(z) =Min{f(z), g(z)}
and k(z) = Max{f(z), g(z)}. Show that h, k are continuous. Give examples to show that both
h, k need not be differentiable, even if f, g are differentiable. [20]

7. Suppose a : R — R is a function such that

y a(z) + a(y)
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(i) Show that for all n > 2 and for all 21,2, ..., 2, in R,

a (% Z:c,) < %Za(xl)
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) < z,y € R.

(ii) If a is continuous show that

a(pz + (1 = p)y) < pa(z) + (1 — p)a(y)

for all z,y € R and 0 < p < 1. (Hint: First prove the result for rational numbers p.) [20]




